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operator 
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SUMMABX 
An analytical investigation of transient response 
tine is presented for an idealized supersonic wind tunnel 
pressure measuring system. The pressure being measured is 
transmitted to a pressure sensitive dev5.ee through a long, 
small bore capillary tube. If a difference exists between 
the pressure in the measuring instrument mid the pressure 
to be measured, a finite mass of air must be evacuated from 
the system before accurate readings can be obtained. A 
finite perioa of time is required to accomplish this evacua-
tion. Specifically, the response time is defined as the time 
required for the pressure in the measuring unit to come to 
within one per cent of the pressure being measured. 
The theory of viscous, compressible, continuum flow 
through lonn;, small bore tubing is embodied in a non-linear, 
second order, partial differential equation. This is the 
equation representing the evacuation of the measuring system. 
The equation is linearized for the case where the initial 
pressure differential is small compared to the pressure to be 
measured. A solution of the linearized equation is presented 
which satisfied the linearized boundary conditions, and rough-
ly approximates the initial condition of a step function in 
pressure. 
The results of this analysis are compared to experimen-
tal and analytical results of cases for which the initial stop 
ix 
functions in pressure are not small. when it is recalled that 
an initially large ster function is contrary to the condition 
of linearization, the results appear to be quite reasonable. 
Nevertheless, the error is sufficiently large that the results 
are of qualitative interest only. Curves are also presented 
showing capsule pressure variation v/ith tine for the cases 
v/here the capsule pressures were initially fifty per cent 
greater than the reservoir pressures. ;/ith the exception of 
an expected time displacement towards the origin, these curves 
display close agreement v/ith the segments of the experimental 
curves which lie in the same range of capsule pressures. These 
curves support the belief that the linear equations can be 
applied v/ith reasonable accuracy if the step functions in 




General -- Modern high speed aircraft and missile develop-
ment requires that extensive pressure measurements be made 
in supersonic wind tunnels for purposes of evaluating load 
distributions and certain aerodynamic coefficients. A press-
ure measuring system typical of those used in many high speed 
tunnel installations is shown schematically in Figure 1. Such 
a system consists of an orifice, a capillary tube, a connect-
ing tube, and a pressure sensitive device remotely located 
from the place where the pressure is to be measured. If a 
pressure differential exists between the model surface :ud 
thc pj'essure sensitive device, then a certain amount of air 
must be evacuated fyom the system before the pressure in the 
sensing instrument approaches that on the model surface, ouch 
a pressure differential occurs when the system is opened to a 
running vrird tunnel* The time required for the pressure in 
the sensing unit to adjust to within one_ per cent of the pres-
sure to be measured is defined as the response time of the 
system. This response time can easily be of such magnitude 
so as to be intolerable in the case of the intermittently 
operating tunnel, and it may seriously restrict the number of 
readings that may be taken durhv" & given period of continuous 
type operation. In either case the system should be designed 
for the minimum response time allov/ed by the physical limita-
tions of the test set up. 
2 




Pressure Sensing Device 
Typical Pressure Measuring system 
Figure 1 
: 
The idealized system. -- The major parameters governing the magnitude 
of the response time are the lengths and diameters of the capillary 
and connecting tubes, the orifice diameter, the volume of the pressure 
sensitive device, the end pressures and the coefficient of viscosity. 
Neither the orifice nor the discontinuity in tube diameter ( i.e., at 
the juncture of the capillary and connecting tubes ) can he handled con-
veniently by analytical methods. To avoid this difficulty, the system 
shown in Figure 1 is reduced to an idealized case (shown in Figure 2) 
for which the connecting tube has zero length and for which the orifice 
has the diameter of the capillary tubing. The pressure is constant on 
the surface of the model during a given run) the capillary tube is then 
assumed to open into an infinite reservoir. 
Previous investigations of the idealized system. -- Kendall (l) con-
ducted an analytical investigation for the idealized system which used 
both constant and variable volumes of the pressure sensitive element. 
This particular analysis did not take into account the initial transients, 
hence application of the results are limited to the quasi-steady processes 
having fairly large response times. 
Probably the most significant contribution which accounted for 
the initial transients is the investigation of Bucoffe (2). This work 
included extensive time lag experiments for both systems shown in Figures 
1 and 2 as well as numerical solutions which, by comparison with experi-
mental results, demonstrate the validity of the theory as applied to the 
idealized configuration. Ducoffe*s entire investigation was conducted 
with pressure sensitive devices having essentially constant volumes. 
Infinite Reservoir 
Connecting Tubing 
pressure Sensing Dev ice-^ 
Idealized pressure Measuring System 
Figure 2 
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It is the object of this paper to present a linearized analysis 
of the response time of the idealized system having a constant volume 
pressure sensing unit, and to discuss the application of the solution 
to the cases where the linearized equations are initially inapplicable. 
This analysis cannot be expected to accurately predict the response time 
for a system if the orifice is small compared to the diameter of the 
capillary tube, or if the connecting tube length is excessive, or if the 
diameter of the connecting tube differs radically from that of the capil-
lary tube. For these cases, however, the analysis gives a qualitative 





General -• The equation of notion and the associated boundary 
and initial conditions Tor the system shown in Figiare 2 are 
derived in a manner similar to that of Ducoffe (3) and Kendall 
()L) . In order to obtain a mathematical solution in closed 
form the equation of motion and boundary conditions are line-
arized and solved. 
In the following derivation only the condition of con-
tinum flow Is considered. It is assumed that the flow process 
takes elaco in a small diameter tube of constant cross section, 
and that the flow process is isothermal. The assumption of an 
Isothermal flow process is justified by the following argument. 
Since the tubing under consideration Is thin v/alled and of 
small diameterj the ratio of surface area to enclosed volume 
is relatively large. Such being the case, If a temperature 
differential exists across the tube walls, heat transfer takes 
place. furthermore, dissipation of kinetic energy into heat 
energy occurs by virtue of the viscous shearing forces at the 
walls of the tube. Immediately after the fluid is accelerated 
( i.e. as it enters the tube), with the accompanying decrease 
of pressure and temperature, the two effects just described 
tend to restore the temperature to Its initial valve. The 
latter effect, while probably the smaller of the two, is be-
lieved to be sufficientIT laree to be included. 
7 
Derivation of the flow equation.--To facilitate mathematical 
treatment of the problem, tho condition of laminar, fully de-! 
velope I flow is considered to represent the process at any 
instant of time. The Hagen-Poiseulle law (?) is thus regard-
ed as satisfying the above condition, and is expressed by 
Q = -rr£r$£ > (1) 
where Q is the rate of mass flow, a is the radius of the tube, 
M is the coefficient of viscosity, P is the mass density, p is 
the pressure, and x the spatial coordinate along the tube axis 
The equation of state for an isothermal process is 
* * * / * * < z>\ 
where k = RT, R being the gas constant and T the absolute temp-
erature. By substituting Equation (2) into Equation (1), the 
rate of -ass flow becomes 
0 ~ rTa7i yt Jx • (3) 
hi Figure 3 is shown a section of the tube of length 
Ax. The net rate of mass flow into the system shown in 
Figure 3 must be equal to the rate of chajige of mass enclosed 




Maes Flow Through Capillary Tube 
Figure 3 
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"here if is. the volume enclosed and t is the time. This may 
be written as 
Q, - Qz = ira* I 44V* Jtr " ' (5) 
K 
Since A x is small, the spatial density variation within the 
A x range is of higher order and is neglected; therefore at 
any instant.eZl may be move;-, to the outside of the integral in 
Jtr 
E q u a t i o n (•.>), which now becomes 
3 - < ? , = TrcLXAX$g • ( 6 ) 
By replacing the Q's with their equivalents given by Equation 
(3)j Equation (6) becomes 
**+ r fp JfeU, - £ &)J = ™*j§ , m 
3f*L ax 
which, in the limit as^x—*-0, reduces to 
aZ <j_/,><&) . i£ (*H) '-8SJt </x I ' ' V St 




Initial and boundary conditions *—The x-origin is taken at the 
•pressure sensing end and x= xis taken at the model or reservoir 
10 
end of the system, where X is the length of the tubing. The 
pressure release valve which opens the system to the reser- ' 
voir is placed immediately upstream of the reservoir end. The 
initial condition is then 
p = constant = p. ., w (10) 
where prt is the initial pressure in both the tube and 'oress-
~c0 
ure capsule. 
The boundary condition at x = £ is 
p - constant = p^ (11) 
where px* is the nressure of the reservoir (i.e. at the model 
surface). 
The boundary condition at x=0 is derived from con-
tinuity considerations in that the rate of change of mass with-
in the sensing unit must equal the flux of mass entering the 
tubing. This condition is expressed by 
*L = - tra -P 4eJ = -sLf/**)] d2) 
where V is the fluid volume enclosed "oj the sensing unit. 
Typical pressure capsules have small volumes, with relatively 
large ratios of surface area to enclosed volume- Hence it is 
assumed that heat transfer through the walls of the capsule 
maintains the original temperature level. Squation (2) is 
then applicable. Volume change (6) of the capsule because of 
diaphragm deflection (or its equivalent) is usually quite 
small and is neglected in this analysis. Equation (12) then 
reduces to 
fra* -pf^l , J? 7 
Dimensionless form of the equation of motion and the inltial 
and boundary conditions.-- In order to further simplify the 
problem and to isolate similarity parameters, it is necessary 
to nondimensionalize the set of equations. Accordingly, non-
dimensional variables P, X, and t are defined by the follow-
ing relations, 
r r uv 
y _ X 
c 
and 
i s £- , (16) 
v/here p, L, and % are a characteristic pressure, a character-
istic length, and a characteristic time, respectively. The 
proper choice of these characteristic quantities is discussed 
later. 
The equation of motion, when written in the form 
g^[T7^ {Jxj J - jt , (17) 
12 
becomes, by substitution of Equations (li}.), (15)$ BXid (lo), 




- f(7?X¥)f7*J (19) 
and 
4 - / T/x.£, 
where Jc is the tubing length. 
(20) 
The nondimensional initial condition is 
r * dL f° * x<-£) , 
& . , A . (21) 
La 
^ IF 
*^!sV . r« 2 
The 10rms -~£ ̂ r-̂ - snd 6§ ar e s imi 1 ar I ty p ar ame t er s 
The former is termed a dynamic parameter and the latter a geo-
metric one. The major parameters affecting the flow are the 
inside diameter of the tube, d, the length of the tube, JL , 
the volume of the pressure measuring unit, V, the absolute 
pressure at the model surface, p-̂ , and the viscosity coeffi-
cient of the fluid,jW . The time most characteristic of the 
system is the response time. Accordingly, the characteristic 
quantities are defined as 
T* T^ , (22) 
13 
I ' £t (23) 
and 
T - •?*. , (%) 
where 21 is the response tine. The response time v;as pre-
viously defined as the time required for the pressure at the 
measuring end to adjust to within one per cent of the reser-
voir abs oIut o pressure. 
Substitution of Equations (22), (2.3), and (2l.;_) into 
Equations (l8), (19), (20), and (21) yields: 
Equation of motion, 
if -1 a v)/* ft *&)'] • 
Boundary condition at X = 0, 
JP 
J; ~FU* ~A v J r Jx < 2 6 > 
Boundary condition at X = 1, 
P - 1 . (2?) 
* 
In i t i al c ondit i on, 
where P_ is the nondimensional initial line and sensing 
unit pressure. 
Linear izatl ° n J3_£_ the SJt91J equations and the ini tial jand 
boundary conditions.— Ibcrall (7) obtained a solution of 
Equation (25) for the condition of an oscillatory reservoir 
pressure, and Kendall (8) solved the quasi-steady case there-
in a manometer was used as the measuring device. Neither of 
these solutions represent the case under consideration. 
Dueoffe (9) obtained numerical solutions, using the method 
of finite differences, for three typical cases. Correlation 
between his experimental and analytical results was excellent. 
These results will be referred to later in the text. Numeric&1 
methods, while often adequate for particular cases, do not 
generally permit rapid estimates to be made of the response 
time, and therefore are of no immediate value for desir;n pur-
poses . 
As an initial step towards obtaining an approximate 
solution, the problem is examined for the case of a sten func-
tion in pressure which is initially small compared with the 
reservoir pressure. Let $ be a perturbation pressure defined 
by 
PR + $ - p . (29) 
is 
In nondimensional form, Equation (29) ii 
-fk. + -f - ^£_ 
^ -fx. ' (30) 
By de f in ing F = 2 , Eauat ion (30) ii 
l + ? s p . (31) 
Substitution of Equation (31) into Equation (2f?) yield; 
*/ ~ s (** y* J 
7 1 • : « « ) ( 3 2 > 
Let the nondimensional perturbation pressure p be snail coin-
pared with unity. That is 
p - 1 * $ <<1 . (33) 
After the small step function has decayed into a continuous 
function of P versus X, the linearization process dictates 
the relation , ̂  
JX r JX (3k) 
* J-P d£ 
The term p %Z- , being small compared with j)T~ > is neglect' 
ed. It will be shown later that the tine lapse required to 
establish the condition given by Equation (3lj-) is small. 
Under these assumptions, Equation (32) becomes 
J*P Jf , -*. «rA m (35} 
71 ' JX* * 
16 
The boundary- condition at X = 0 (Equation (26), with Equa-
tion (31) is 
fl»* ^ A ' T V - *£'**> • where ^ rr -ZT Z & %s 
On the basis of Equation (3*-!-)> ? is negligible compared to 
unity, and Equation (36) becomeJ 
Jrl - A J£ 
~— —7*** 
JZL - - 'Xjx.-o '
 (37) 
The boundary condition at X = 1 becomes, in accordance v/ith 
the definition of P , 
P = 0 . (38) 
£* « , X-ft
 (39) 
where P_ is the nondimensional initial perturbation press-
co 
x\ 
urc defined \r~ 1 + 1> = P~ 
co o 
Method of solution.-- A product solution (10, 11) of Equation 
(35) is assumed to exist in the form 
$ = t (x - il". (t). Ui-o) 
17 
Equation (JLO) is substituted into Equation (3?) and the vari-
ables are separated] the equation of motion becomes 
whore the dots and prices denote differentiation with respect 
to time and spatial position, respectively, and v;here /j is a 
constant. The two resulting ordinary differential equations 
are 
f- = /3<# (1,-2) 
and 
A - 4 f -- o, 
<SXZ -*. (1,3) 
fhe solution of Equation (b.2) is 
jSi 
where c-, is an arbitrary constant of into;-ration. Since the 
pressure Is a decreasing function of time, J3 must be negative. 
To emphasize this, let/? = - # , where ̂  is real. 
'fiicn 
«<p = ^e'*** m 
18 
The solution of Equation (];3) is 
(L6) 
where the c ' s are a rb i t r a ry constants• The expression for 
nondixnonsional per turbat ion pressure , P, in Liquation (kO) 1; 
given by 
» * e " Y*r ^ff^'O + *, Jf'H&#-')]> (j'7) -n 
A. 
riov; 3 s 0 a t X = 1 . Hence , 
-/V 
and ci - 0 . 
Equation ();.7)» with the boundary condition at X=0, becomes 
x^ # e .jsv* i £* =r <T_ ^ / £ 1 <£ co±l/X--j%- - ******/z~ e c*3/^r • ([9) 
By definition of k| and k2 and. since c^=d, Equation (Ij-9) be-
c one s 
X tan A = 7T^4.\ (50) 
V 
where J = rjr • Values o f / given by Equation f§0.) are 
merely the z- components of the intersections of the hyper-
bola y z =• ii Xa 2/V and the tangent curve y = tan z. This 
is discussed later in detail. 
19 
At this st&ge certain analytical results are consid-
ered. Figure hr shows some typical line pressure distribu-
tions obtainod by Jucoffe (12) in the manner previously de-
scribed. For such a typical case where the initial lino-
capsule perturbation pressure is large compared with the 
reservoir pressure, the step function decays vury rapidly 
during the early portion of the transient period. In addition 
to this lecay of the stcc into a continuous function, the cap-
sule pressure falls very rapidly during this period. It may 
be exoectsd, then, that after a short period the li ear equa-
tions may be applied with a fair degree of accuracy. 
Obviously a one-term solution such as 
^ -#*6 fZT^ 
P* *s* *<*& (*-') (5D 
cannot be made to satisfy the initial condition of a step 
function in pressure. The step function could be representee! 
by an infinite scries of such terms, but numerical methods 
would be required to approximate the response time from the 
resulting exponential equation, however, s:...ico it is le-
sired to utilize a linearized solution for the case where a 
large step function has decayed, it is more accurate to 
satisfy an initial condition which approximates the dissipated 
step function. Although a step of small strength dissipates 
more slowly than docs one of large strength it is believed 
that for such a erne it is unnecessary to satisfy the step 
function initial condition to achieve reasonable accuracy. 





pc = 2070 lb./ft7 
o 
d = 0.063 in. 
X = 24 inches 
0.446 Equilibrium Pressure - 55l6 
0 0.2 0.4 0.6 0.8 
Nondimensional Tube Length, X 




Thus, for the ease //here the Initial pressure differ-
ential is small compared to the reservoir pressure, the 
initial condition is taken as an approximation to the dissi-
pated step function In the following manner: A t X = 0 and 
when t = o, P = P. - 1 = £ . 
Qo c 0 
j'or this condition Equation (£1) becomes 
<C = -^ s"l£?> (52) 
and hence 
/* - 4 TTnWF *- • (^3) 
It was previously noted that the parameter A is multi-valued. 
To avoid the existence of a zero perturbation pressure on the 
interval O s X < /, the smallest value of \ (I.e., O * X <~ ) 
is chosen. If the next smallest value o£ A v/ere chosen, the 
period ^LIL of the functions in A(l-X) would be less than 2, 
since this value of \ Is in the range 7T < /\ < =2^ . If 
the period were less than ?., at least one zero perturbation 
pressure would ex: st on the Interval O - X < f because of 
the fixed end conditions PCo)/- - ri ond P CO - O. 
The nondimensional capsule perturbation pressure is 
denoted by Pc, and Equation (53) becomes, at the capsule, 
(X = o), 
p = p e W 
22 
From the definition of the response tine, it is seen that 
x*s 
3?£ = 0.01 when t = 1, and therefore 
Z, 
But / - ^ e / /( - ^ / y ^ ~pr*J A j and tnerei ore 




In dimensional form, Equation (53) Is 
-J/^L, ^ i*)y-
, . * . f A . ^ * ^ * > « * / • « • '
A ^ 
and similarly, Equation (5-0 is 
Equation (57) becomes, at the pressure sensing end, 
A 
It should be noted that, where P̂  < < 1, Equation 
~o 
(57) approximates a quasi-initial condition reached at a 
finite period of tine after the beginning of the run. This 
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General -- Exanlnation of Equation (£8) shows that the dia-
meter end length of the capillary tube and the reservoir 
pressure have the most critical effects on the response tine. 
The nature of A in Equation (SO) does not permit the response 
time to oo expressed explicitly in terns of the diameter and 
length ol the capillary tube and the volume of the pressure 
capsule. To assist in determining the effects of X , a, and V, 
the Parameter A is shown in Figure 5 as a function of the 
JLCL*' 
geometric similarity parameter Tf ~-rp— . Figure 6 shows 
A as a function of tube length ±'or several standard diameters 
with a capsule reservoir of 0.10b cubic inches. This is the 
volume used by Jucoffe (13) in most of his experiments, and 
is used here since the results of this analysis are compared 
to his oz-oerhnontal and analytical results for these cases. 
Comparison of theory v;ith experiment. --It was mentioned pre-
viously that Jucoffe (l.1'.) obtained numerical solutions to the 
set o£ equations (25), (26), (2?), and (28) for three typical 
cases. He established the validity of the set of equations 
by conducting experimental investigations in which capsule 
pressure as a function of time was recorded. 
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Both the results of Reference 9 and the results of 
this analysis are presented in Figures Y, o, and 9 for cases 
I, II, and III, respectively. Circled points and the curves 
designated HA!f are respectively the experimental and theo-
retical reference results. Curves designated If3" wore ob-
tained by substitution of the actual initial line-capsule 
pressure Into Equation (59)* ^h® response times so obtained 
for cases I, II, and III are 0.);.2, 11-L.IL, and 0.19 seconds, 
respecLively, while the respective reference results are O.'/l, 
10.99 and 0.38 soconds. Such substitutions vIo1at0 the con-
dition which permitted linearization of the equations, that 
Is, the initial pressure step functions are large compared 
with the reservoir pressures. 31a vic.v of this fact, curves 
"B" agree reasonably well With the reference results. The 
error in cases I and III makes no appreciable difference, since 
the response tine Is extremely snail. However, for Case II, 
the error of thirty-two per cent is not negligible. It Is 
believed that substitution of the actual initial pressure of 
the line ond capsule Into Equation (59) {'Ives results which 
can be of qualitative interest at best. 
Curves nGu in Figures 7 and 6 were obtained by substi-
tuting prt = 1,5 PE into Equation (59)- Tho respective resoonso 
timer obtained in this manner aro 0.21 r id 6.9 seconds. Except 
for a time displacement toward the origin, these curves close-
ly approximate the experimentally obtained ones. This time 
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initial condition pc = !.[-• p„. Since little is known concern-
ing the process duping the early transient statess a correct-
ion factor for this tine lapse would be essentially empirical* 
Because of the United amount of experimental data available, 
no attempt is made here to predict this time lapse as a fraction 
of total response time* However, these results demonstrate that 
the linear equations represent the process fairly closely after 
the perturbation has dissipated. This lends support to t o be-
lief that the linear equation may be applied with reasonable 
accuracy if the initial pressure step function is snail. Un-
fortunately, no experimental data is available for comparison 
for the cases where the initial step functions are initially 
snail. 
It should be noted that, for she above three cases, the 
linear theory underestimates the small response times and over-
estimates the larger one. ?or the cases where the lineariza-
tion process is permissible, it may be cxnoctod that the linear 
equations will slightly underestimate the response time for two 
reasons. The first is that the time required for the step 
function to decay into a continuous function is neglected. The 
second reason is seen by examining Equation (32). The term 
IT—(P Tv ) ' which is neglected, is positive, thus making 




1. If the nondimensional perturbation pressure 
-^—~L£L is small compared to unity, Equation ($d) may be 
-^k 
expected to accurately predict the response time of the 
idealized system. 
2. On the basis of Figures 7 and 8, where ~LL> " 7^ 
is not small compared with unity, Equation (So) will not 
accurately predict the response time unless allowance is made 
for the time required for the equation to become applicable. 
3. In order to minimize response time, the capillary 
tube length, the volume of the pressure sensing device, and 
the initial li:.e-cai)oUle pressure should be minimized, v/hereas 
the capillary tube dial otcr 3hould be as large as possible. 
k. The advantage of previous uump-down of capsule 
pressure becomes more pronounced as t^ ** O s and is 





1. An attempt should he made to obtain a solution 
which more closely approximates the initial step function by 
utilizing a finite number of terms of the form 
7, -r 
2. An experimental investigation should be conducted 
for P < < 1 to chock Equation (58) and the possible results 
of the first recommendation* 
3- An attempt should be made to solve the linearized 
equation of motion for the system utilizing a fluid manometer 
as a pressure measuring device. ouch a solution should be 
compared to the results obtained in Reference 15• 
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